Two partial latin squares are orthogonal provided that when they are superimposed any ordered pairs obtained are distinct. The purpose of this paper is to show that any collection of pairwise orthogonal finite partial latin squares can be embedded into pairwise orthogonal finite latin squares.
Introduction. In 1960 Trevor Evans
proved that a partial latin square of order n can always be embedded in some latin square of order t for every 7 > 2/i. In this same paper Evans raised the question as to whether a pair of finite partial latin squares which are orthogonal (when superimposed any ordered pairs obtained are distinct) can be embedded in a pair of orthogonal finite latin squares. The purpose of this paper is to answer this question affirmatively by giving a more general result. In particular, we prove that any collection of pairwise orthogonal partial latin squares can be embedded into pairwise orthogonal finite latin squares. To keep from using the word "finite" excessively, in what follows everything is finite regardless of whether or not it is mentioned.
2. Definitions. A (partial) latin square is an n X n array such that each of the integers 1, 2, ..., n occurs (at most once) exactly once in each row and column. The (partial) latin square P is embedded in the latin square Q provided that the upper left-hand corner of Q agrees with P. Two partial latin squares of the same size are orthogonal provided that when they are superimposed any ordered pairs obtained are distinct.
Example. The three partial latin squares of order 4 given below are pairwise orthogonal. The 2 ordered pairs obtained by superimposing A and B By a (partial) (2,/v)-Steiner system is meant a pair (P, b) such that P is a finite set and b is a collection of /c-element subsets of P (called blocks) such that every pair of distinct elements of P belonging to (at most) exactly one block of b. The (partial) (2, fc)-Steiner system (P, b) is said to be embedded in the (2, A:)-Steiner system iQ,q) provided that P C Q and b C q. In [3] , B.
Ganter has shown that if A: -1 is a power of a prime, then a finite partial (2, A:)-Steiner system can be embedded in a finite (2, /v)-Steiner system. R. Quackenbush obtained a similar (but not the same) result in [5] by proving that if A; is a power of a prime then a finite partial (2,/c)-Steiner system can be embedded in a finite (2, /c)-Steiner system. (Subsequently, Ganter has obtained a much more general embedding theorem along these lines [4] .) With the above definitions in hand we proceed to the main result in this paper.
3. Embedding orthogonal partial latin squares. Let P,, P2, ..., Pt be pairwise orthogonal partial latin squares of order n based on N = {1,2,...,«}.
For each i = 1, 2, ..., n, let Ai = {aXi,a2i,... ,ani) and Xt a set of symbols disjoint from Ai containing as many elements as there are empty cells in Pf. Take the sets N, Ax, Xx, A2, X2, ..., At, X, to be pairwise disjoint.
Finally, let R = {rx,r2,... ,rn) and C = {c,,c2,...,cn) be disjoint sets each of which is disjoint from each of the above sets. Denote by P the union of all of the above sets. Now replace each occurrence of j in P, by a« and fill in the empty cells with the symbols from Xt so that each symbol in X( is used exactly once. Denote the resulting arrays by B*, RA, ..., P*. Define a collection b of n2 it + 2)-subsets of P as follows: For each of the n2 ordered pairs {i,j); i,j G {1,2.«}; set b(i,j) = {rhCj,zx,z2,... ,zt) where z, is the entry in cell {ij) of P* . Take b = {b(i,j)\a\l i,j E {1,2,...,«}}. Claim: iP,b) is a partial (2,( + 2)-Steiner system. So let b(i,j) = {ri,Cj,xl,x2,.. .,xt) and bip,q) = {rp,cq,yx ,y2, ■ ■ ■ ,yt) be any two blocks in b. We show that Hi,j) and bip,q) have at most one element in common. There are three cases to consider.
(1); = p. In this case b(i,j) and bip,q) have the element rt■ = rp in common. Since j # q, Cj ¥= c . Since P* and P* are based on disjoint sets of symbols we cannot have xt = y= for i =£ j. If xs = ys for some s, then cells (i,j) and (/, q),j ^ <1, are occupied by the same symbol in P* which, of course, cannot be.
(2)y = q. Analogous to case (1). (3) i # p andj =£ q. The only possibility here for b(i,j) and bip,q) to have two elements in common is for xu = yu and xv = yv for some u ¥= v. The only possibility for this to happen is that cells (/,_/) and ip, q) were occupied in Pu with the same symbol and also occupied by the same symbol in Pv. Since Pu and Pv are orthogonal this cannot happen. Combining all three cases shows that iP,b) is a partial (2,/ + 2)-Steiner system. We can assume that ( + 2 is a power of a prime, and so by Quackenbush's theorem [5] embed {P,b) in a finite (2, ( + 2)-Steiner system {Q,q).
For each block s E q define any ( mutually orthogonal idempotent latin squares sx, s2, ..., st based on .$ with the following exception. If s = biij) = {rt,Cj,xx,x2,... ,x,}, take sk to be the latin square with cell (ij) occupied by the entry in cell (i,j) of P*. Construct for each i = 1, 2, ..., t a latin square Qt from (Q, q) by using for each block s G q the latin square st defined above. This is the well-known Bose and Shrikhande construction [1] for mutually orthogonal latin squares and so the resulting latin squares Qx, Q2, ..., Q, are mutually orthogonal. If for each i = 1, 2, ..., n we apply the permutation ilaXj)i2a2i)i3a3i), ..., inani) to the latin square Q, we obtain pairwise orthogonal latin squares Q*, Q*, ..., Q* with the property that if cell (i,j) of Pm is occupied by k, then in Qm cell (rhCj) is occupied by k. Hence if the permutation (lrx)(2r2), ...,(nrn) is applied to the rows of e,ach Q* followed by the permutation (lc[)(2c2), ..., (ncn) applied to the columns, the result is a collection of pairwise orthogonal latin squares Ax, A2, ..., A, such that cell (i,j) of Am is occupied by k if and only if cell (i,j) of Pm is occupied by k. That is to say, the pairwise orthogonal partial latin squares Px, P2, ..., Pt are embedded in the pairwise orthogonal latin squares Ax, A2, ..., At. We have proved the following theorem.
Theorem. Any collection of pairwise orthogonal finite partial latin squares can be embedded in pairwise orthogonal finite latin squares.
